How many points are there on a curve with coordinates in a given finite field when the curve has (a) no singular points or (b) singular points counted once or (c) singular points counted with multiplicity?
Introduction
Problems in combinatorics, especially in finite geometry, often require a count of the number of solutions of an equation in one or more unknowns defined over a finite field F q . When two unknowns, say X, Y , occur, the equation is of type f (X, Y ) = 0 with f ∈ F q [X, Y ], and the geometric approach for solving it depends on the theory of algebraic curves over finite fields.
Curves over a finite field have applications in the theory of linear error-correcting codes in two areas: (a) the construction of Goppa or algebraic-geometry codes; (b) obtaining bounds for the maximum length of codes when given the dimension and minimum distance.
In cryptography, ciphers are constructed from both elliptic and hyperelliptic curves It is natural to think about a plane algebraic curve F of equation f (X, Y ) = 0 as the set of the points P = (x, y) in the affine plane over the coordinate field K such that f (x, y) = 0. But important numerical results on curves and their intersections, such as Bézout's theorem, have an easier formulation when the following are taken into consideration.
(i) F is enhanced with its infinite points, that is, when F is viewed as a curve in the projective plane over K;
(ii) K is algebraically closed, that is, every equation g(X) = 0 with g ∈ K[X] has at least one solution.
Every field is a subfield of an algebraically closed field. The algebraic closure F q of F q contains a unique finite field of order q n . These finite fields cover F q . So, the idea is to work with plane projective curves overF q but state the results in the projective subplane over F q .
The deepest results on the number of points of an algebraic curve over F q , such as the Hasse-Weil theorem, the Serre bound and the Stöhr-Voloch theorem, are formulated for irreducible, non-singular algebraic curves. Nevertheless, these results can be applied to singular curves, since every irreducible algebraic curve F defined over F q has a non-singular model Γ over F q , that is, F is birationally equivalent over F q to an irreducible non-singular curve Γ. It should be noted that a birational map does not ensure that every singular point of F has an image point in Γ. Also, a singular point of F may have more than one image point in Γ. These phenomena can cause difficulties but do not significantly worsen the bounds, since an irreducible curve can have only a few singular points.
The paper starts with basic facts on algebraic curves. Then, the questions posed in the abstract are addressed for irreducible non-singular curves. Particular results for plane singular curves are discussed in the later sections.
For more details on all the topics covered, see [15] .
Background

Planes
Definition 2.1 Let K be a field.
(i) The affine plane AG(2, K) = A 2 (K) is a pair (P, L) where
and a point P = (x, y) lies on a line = aX + bY + c if ax + by + c = 0. When K = F q , write AG(2, q).
(ii) The projective plane PG(2, K) = P 2 (K) is a pair (P, L) where P = {P = (x, y, z) = (λx, λy, λz) | x, y, z, λ ∈ K; λ = 0},
and a point P = (x, y, z) lies on a line = aX + bY + cZ if ax + by + cz = 0. When K = F q , write PG(2, q).
Plane curves
Definition 2.2 (i)
The plane affine curve F = v a (F ) = {P = (x, y) ∈ AG(2, K) | F (x, y) = 0}.
(ii) The degree of F, written deg F, is deg F .
Any affine transformation sends an affine curve to another having the same degree. Therefore, deg F of an affine curve F is an affine invariant. (ii) The affine curve F = v a (F ) is irreducible when it has no proper component, that is, when F is irreducible.
Any line containing at least n + 1 points from an affine curve F of degree n is a component of F. To show this, = v a (Y ) may be assumed by covariance. Let
) has more than n roots. Therefore, F (X, 0) = 0, and hence X divides F (X, Y ).
Let F = v a (F ) be an affine curve with deg F = d, and let = −bX + aY + c be a line containing the point P 0 = (x 0 , y 0 ) on F. Then, for any point P = (x, y) ∈ ,
Lemma 2.5 The two irreducible curves F 1 = v a (F 1 ) and F 2 = v a (F 2 ) are the same if and only if F 2 = λF 1 for some λ ∈ K\{0}.
The multiplicity of a component is an affine invariant.
Definition 2.7 Let be a line which is not a component of F.
(i) The integer m of (2.1) is the intersection number of and F at P 0 : write
(ii) if m = 1 for some line through P 0 , then P 0 is a simple or non-singular point of F;
(iii) if m ≥ 2 for all lines through P 0 , then P 0 is a singular or multiple point of F;
(iv) if m 0 = min{m | a line through P 0 }, then m 0 is the multiplicity of P 0 on F, or P 0 is an m 0 -fold point of F, and write
(v) if m > m 0 for any line , then is a tangent to F at P 0 .
The intersection number and the multiplicity of a point are affine invariants.
Definition 2.8 If m P (F) = 2, then P is a double point of F. A double point P with two distinct tangents to F at P is a node, and with only one tangent to F at P is a cusp. If m P (F) = 3, then P is a triple point of F.
Remark Let M be a subfield of K and suppose that F is defined over M , that is,
If P is a double point with two distinct tangents, neither of them is defined over M , then P is an isolated point over M .
Lemma 2.9 If P 0 is a simple point of F, then, in (2.1),
Corollary 2.10 The tangent to F at a simple point P = (x, y) is
Note the meaning of this corollary: the line P has intersection multiplicity at least 2 with F at P .
Definition 2.11
A non-singular point P of F is a point of inflexion of F if
Here, P is also called an inflexion or, in some sources, a flex; the tangent P at P is the inflexional tangent. Tangents and inflexional tangents are covariant.
Remark The behaviour of P = (0, 0) for an affine curve F = v a (F ) follows simply from the form of F . Write
where F i is homogeneous of degree i in X and Y , and F m = 0. Then (1) if m > 0, the point P lies on F;
(2) if m = 1, the point P is simple and F 1 is the tangent at P ; (3) if m ≥ 2, the term F m = i , where 1 , . . . , m are the tangents at P ; (4) if 1 , . . . , m are distinct, then P is an ordinary multiple point.
Definition 2.12
If the plane projective curve F has degree n and singular points P 1 , . . . , P r of multiplicities m 1 , . . . , m r , then its genus is
Remark The genus of a curve is a non-negative birational invariant.
Affine and projective curves
Consider the zeros of From the affine viewpoint, the curves given by F and F are different, since the curve given by F has a singularity, a cusp, at the origin, whereas the curve given by F has no singularity, even though the origin is an inflexion.
From the projective viewpoint, the two curves given by F * and F * are equivalent, as the interchange of Y and Z interchanges the polynomials. What is happening is now revealed. The curve given by F * has a cusp at (0, 1, 0) and an inflexion at (0, 0, 1); the curve given by F * has an inflexion at (0, 1, 0) and a cusp at (0, 0, 1). The point (0, 1, 0) is not seen in the affine version since it lies 'at infinity'.
Thus, when considering plane curves, it is necessary to encompass the projective plane so that no singularities get lost.
For any polynomial
. . , X n ] is irreducible if it has no non-constant factors over any extension of K.
that is, V i is the set of zeros of F * over F q i .
(
; that is, the curve consists of points over the ground field F q and all algebraic extensions.
(iii) A point P is F q i -rational if its coordinates lie in F q i ; it has degree i if it is F q i -rational but not F q j -rational for j < i. For F q -rational, the term rational is also used.
(iv) The set of K-rational points of F is denoted F(K).
The zeta function
The definition of a curve can be generalised to higher-dimensional space as an algebraic variety of dimension one. For simplicity, in this article the account is mainly restricted to the plane case, although the results hold in general unless otherwise specified. Now, let the curve F be non-singular and let
Define the zeta function of F to be the following formal power series:
where
(ii) α j α g+j = q, j = 1, . . . , g;
Let f (T ) = 1+c 1 T +. . .+c 2g T 2g . For rational points of F, this gives the following result.
Corollary 3.4 For a plane non-singular curve of degree d,
(ii) N 1 = q + 1.
An improvement of Corollary 3.3(ii) due to Serre is the following result, where x is the integer part of x.
Example 3.8 Let q = 2 and F = X 3 + Y 3 + Z 3 ; then
So N 1 = 3, c = 0. Hence
and
Therefore,
Equality in the Hasse-Weil bound
The Hermitian curve U 2,q is the case that
This gives an example of a curve F in which the upper bound in Corollary 3.
In fact,
showing that, over F q 2 , the curve achieves the lower bound.
Thus U 2,q is one example. Note that q is necessarily a square. So it is natural to ask the following. (ii) For which genera does a maximal curve exist?
(iii) Classify the maximal curves for a given genus.
Proof From Theorem 3.1 (iii) and Corollary 3.3 (ii), it follows that α i = − √ q for all i. Hence, also using Corollary 3.3 (iii),
The result follows.
It also follows that the zeta function of a maximal curve F is
and, of the Hermitian curve, is
Also, if F is F q -maximal and N m is the number of its F q m -rational points, then
Given one maximal curve such as the Hermitian curve, other examples flow from the following result, which is ascribed to Serre in Lachaud [20] . A related result that is both weaker and stronger than this last one is the following. Here it is not assumed that F is absolutely irreducible.
Theorem 4.6 ([16])
If F is a plane curve defined over F q with q > 4, of degree √ q + 1, with no linear component, and with at least q √ q + 1 rational points, then F is projectively equivalent to the Hermitian curve U 2,q .
It may happen that for a given genus g there is no curve over F q that attains the Serre bound. (ii) A curve for which
The simplest case of the Stöhr-Voloch theorem, [22] , is the following:
Theorem 4.8 Let F be a plane irreducible curve of degree d over F q with q odd such that not all points are inflexions. Then
Example 4.9 From Theorem 3.7 it follows that N 7 (3) ≤ 23, but Theorem 4.8 implies that N 7 (3) ≤ 20, as a curve of genus 3 can be considered as a plane quartic and it cannot have an infinite number of inflexions. Now, the curve F = v(F ) over
has 20 rational points, namely,
Hence N 7 (3) = 20, and so F is optimal. See Top [23] .
Examples of maximal curves
Now, consider Theorem 4.4 in order to obtain more maximal curves. Beginning from the Hermitian curve U 2,q , to find curves that it covers, consider the following curves written in affine form:
The curve D t is a Fermat curve and the curve A t is an Artin-Schreier curve; here, √ q ≡ −1 (mod t). Both D 1 and A 1 are affine forms of U 2,q .
Lemma 5.1 With m = ( √ q + 1)/t, the genus and number of rational points for each of D t and A t is as follows:
Theorem 5.3 (Fuhrmann-Torres [7] ) If a curve F, defined over F q , is maximal and has genus g <
This leads to the following characterisations for q odd and even.
Theorem 5.4 (Fuhrmann-Garcia-Torres [6] ) If a curve F, defined over F q with q odd, is F q 2 -maximal and has genus g =
Theorem 5.5 (Abdón-Torres [1] ) If a curve F, defined over F q with q even and q ≥ 16, is F q 2 -maximal and has genus g = 1 4 q(q − 2), then F is isomorphic to the curve T 2 = v(T 2 ), with
Corollary 5.2 then raises two questions:
(1) Are A 4 and D 2 isomorphic?
(2) If so, is a maximal curve of genus g =
For (1), the following result gives the answer.
Theorem 5.6 The curves,
have the same genus but are not isomorphic.
This theorem is equivalent to saying that, if F is a maximal curve, which has genus
and a plane non-singular model, then F is isomorphic to D 2 .
6 Theoretical background
(ii) The automorphism group Aut K (Σ) of the curve is the group of all K-automorphisms of Σ.
(iii) For any subgroup G of Aut K (Σ), the set,
is a subfield of Σ, the fixed subfield of G.
(iv) The curve F whose function field is Σ G is the quotient curve of F with respect to G and denoted by F/G.
(v) Let Σ be any subfield of Σ properly containing K. Then the extension Σ/Σ is algebraic of degree n = [Σ : Σ ]. If Σ has a finite automorphism group G of order n such that Σ = Σ G , then the extension Σ/Σ is a Galois cover of degree n, and G = Gal(Σ/Σ ).
Let F be an absolutely irreducible plane curve of degree d, which is a (possibly singular) plane model of a projective, geometrically irreducible, non-singular, algebraic curve X defined over F q . To each point of X there corresponds a place or a branch of F; associated to each place is a unique tangent. If P is a place of F and α = m P (F) is the minimum of the intersection numbers I(P, l ∩ F) for all lines l through P and so the multiplicity of P on F, then α is the order of P . The tangent l P at P is the unique line for which I(P, l P ∩ F) > α and β = I(P, l P ∩ F) − α is the class of P . With respect to the linear system L 2 of lines of PG(2, F q ), a point of order α = r and class β = s−r is said to have order sequence (0, r, s). This definition of order sequence can be generalised to curves in higher-dimensional spaces; see [15, Chapter 7] .
A point of inflexion is a point with order sequence (0, 1, s) and s ≥ 3. If F has only a finite number of points of inflexion, the order sequence of a generic point is (0, 1, 2) and F is said to be classical for L 2 .
If F is non-classical, then the order sequence at a generic point is (0, 1, p v ), with p v > 2, or, equivalently, the order sequence of X with respect to γ 2 n , the linear series cut out by lines.
For any curve F, whether classical or non-classical, only a finite number of points have a different order sequence from the generic one. In the case that F = U 2,q with degree
The curve F is Frobenius classical if P q / ∈ l P , apart from a finite number of places; so it is Frobenius non-classical if P q ∈ l P . If the order sequence at P is (0, 1, p v ), then the Frobenius order sequence at P is The most general form of this theorem is the following. Then
An example of this is the Hermitian curve U 2,q .
Some optimal curves
For g = 0, every curve is F q -optimal, as the number of F q -rational points of the projective line over F q is q + 1, while N q (0) ≤ q + 1 by the Hasse-Weil bound, Corollary 3.3.
For g = 1, the situation is known and is now described. With S q = N 1 , the number of rational points on a curve F, consider the case that F is an elliptic curve; equivalently, F is a non-singular plane cubic. For more details, see [14, Chapter 11] .
From Theorem 3.6,
In fact, the precise values that N 1 can take are given by the next result.
Theorem 7.1 (Waterhouse) There exists an elliptic cubic over F q , q = p h , with precisely N 1 = q + 1 − t rational points, where | t | ≤ 2 √ q, for precisely the values of t in Table 1 . 
Let N q (1) denote the maximum number of rational points on any non-singular cubic over F q and L q (1) the minimum number. The prime power q = p h is exceptional if h is odd, h ≥ 3, and p divides 2 √ q .
Remark The only exceptional q < 1000 is q = 128.
Corollary 7.2
The bounds N q (1) and L q (1) are as follows:
Proof This is an immediate consequence of Theorem 7.1. Corollary 7.4 For q ≤ 128, the values that N 1 cannot take between L q (1) and N q (1) are given in Table 2 . (ii) For q non-square, there exists an optimal plane cubic curve
Here are other examples of maximal and optimal curves. Example 7.6 (a) The Hermitian curve, Example 4.1, is both F q -optimal and F q -maximal for q = p 2e .
(b) The DLS curve, Let q 0 = 2 e and q = 2q 2 0 . The irreducible plane curve
is F q -optimal and F q 4 -maximal for q = 2 2e+1 with e ≥ 1. This curve is associated with the Suzuki-Tits ovoid in PG(3, q).
(c) the DLR curve, p = 3, q = 3q 2 0 , with q 0 = 3 s , s ≥ 1, and
is F q -optimal and F q 6 -maximal for q = 3 2e+1 with e ≥ 1. This curve is associated with the Ree-Lüneburg unital.
The Frobenius linear series of a maximal curve
It is more convenient from now on to use F q 2 as the underlying field. Thanks to the following linear equivalence of divisors, further theoretical results on maximal curves can be obtained; see, for example, [6] , [19] :
qP + Φ(P ) ≡ (q + 1)P 0 ; (8.1)
here P 0 ∈ X (F q 2 ). The proof of this remark uses facts concerning the Tate module and can be seen in [21] . The linear series D = |(q + 1)P 0 | is the Frobenius linear series of X and it may be assumed that X is embedded in P r [18] , where r is the dimension of D. From (8.1), dim |qP | = r − 1 for every P ∈ X . By the Weierstrass Gap Theorem, see [15, Section 6.6] , an immediate consequence of (8.1) for the nongap sequence of X at a point P ∈ X is the following:
For an F q 2 -maximal curve, a number of basic facts are collected in the next proposition. For P ∈ X , let j 0 (P ) < j 1 (P ) < . . . < j r (P ) denote the sequence of possible intersection multiplicities of X with hyperplanes of P n . For all but a finite number of points, the sequence above is constant. This generic sequence is denoted by replacing j i (P ) by i
In the case of the Hermitian curve U 2,q 2 , now written
the linear series D is cut out by lines of the plane. For an F q 2 -maximal curve, a number of basic facts are collected in the next proposition.
Proposition 8.1 With the notation above, the following hold.
(I) If P and Q are F q 2 -rational points, then (q + 1)P ≡ (q + 1)Q, and q + 1 is a non-gap at each P ∈ X (F q 2 ).
(II) There exists P 1 ∈ X (F q 2 ) such that both q + 1 and q are non-gaps at P 1 .
(III) The linear series D is complete, base-point-free, simple and defined over F q 2 . it gives rise to an F q 2 -rational curve Γ of PG(r, q) that is F q 2 -birationally equivalent to X .
(IV) The (D, P )-orders at an F q 2 -rational point P are precisely
that is, j r−i (P ) + m i (P ) = q + 1 for i = 0, . . . , r − 1.
(V) If P ∈ X (F q 2 ), then j 1 (P ) = 1 and so 1 = 1.
(VI) The integer q is a D-order, and so r ≥ 2.
(VII) If P ∈ X (F q 4 )\X (F q 2 ) then q − 1 is a non-gap at P ; if P ∈ X (F q 4 ) then q is a non-gap at P.
(VIII) If P is an F q 2 -rational point of X , then j r−1 (P ) < q.
(IX) r = ν r−1 = q, so Γ is Frobenius non-classical, and every F q 2 -rational point of X is in the support of the ramification divisor R of Γ.
(X) If N 1 ≥ q 3 + 1, then m 1 (P ) = q for every F q 2 -rational point P of X .
(XI) If P ∈ X is not an F q 2 -rational point, then
are (D, P )-orders at P . In particular, j r (P ) = q.
(XII) If P is an F q 2 -rational point then both q and q + 1 are non-gaps at P . In particular, j 1 (P ) = 1 for every F q 2 -rational point P .
(XIII) Either r = q − (g − 1) or r ≤ 1 2 (q + 1).
Maximal curves of large genus
The number of rational points on a maximal curve over F q 2 is
The Hermitian curve U 2,q 2 is now written
To avoid trivial cases, it is assumed that g > 0, unless otherwise stated.
Theorem 9.1 If X is an F q 2 -rational curve covered by an F q 2 -maximal curve X , with an F q 2 -rational covering, then X is also F q 2 -maximal. Example 9.2 (i) For q odd, the irreducible plane curve,
is covered by the Hermitian curve H q , since y) is a proper subfield of K(H q ) with
as the genus g of E 1 (q+1)/2 is smaller than 1 2 (q 2 − q), the genus of H q . Therefore, [K(H q ) : K(E 1 (q+1)/2 )] = 2, and the rational transformation ω : (x, y) → (x 2 , y) provides a two-fold covering of E 1 (q+1)/2 by H q . Then, g = 1 4 (q − 1) 2 . Since x 2 , y ∈ F q 2 (H q ), then E 1 (q+1)/2 , ω and the associated two-fold covering are F q 2 -rational, as well. From Theorem 9.1, E 1 (q+1)/2 is an F q 2 -maximal curve. 
(ii) The corresponding example for q even is the irreducible plane curve,
whose genus is 1 4 q(q − 2). Since K(T 2 ) is the subfield K(x, y 2 + y) of K(H q ), the same argument shows that T 2 is two-fold covered by the Hermitian curve H q , and hence it is an F q 2 -maximal curve.
(iii) The curve F 0 = v(F 0 ) with
its genus is 
when q ≡ 0 (mod 3), and G = v(G) when q ≡ 1 (mod 3), with
Every non-trivial automorphism group G of X gives rise to a covering of X . In Example 9.2 (i), F = H q / α with α : (X, Y ) → (−X, Y ). Such a covering and the corresponding quotient curve X = X /G are F q 2 -rational if G is an F q 2 -automorphism group; that is, G is the restriction to X of a subgroup of PGL(r, q 2 ). Each of the cases, (a), (b), (c), in Example 7.6 of F q 2 -maximal curves has a large F q 2 -automorphism group with many non-conjugate subgroups. From this, the existence of numerous F q 2 -rational maximal curves is deduced. The genera of such quotient curves can often be computed using such theorems as Hurwitz's, but the problem of finding an explicit equation has been solved so far only in a few cases.
The existence of an F q 2 -maximal curve which is not F q 2 -covered by the Hermitian curve H q is still unknown. Possible candidates are the DLS and DLR curves, or some of their quotient curves. In this vein, it would help to know if any quotient curves of the DLS and the DLR curves are quotient curves of H q .
A partial answer in the negative is given by the following example. Over F 27 2 , the Hermitian curve is
Theorem 9.3 (Garcia and Stichtenoth) [8] The curve C is F 27 2 -maximal but is not a Galois subcover of H 27 , where
There are, however, F q 2 -maximal curves with simple equations such as those of Kummer type,
and those of Artin-Schreier type,
The classification of maximal curves is currently out of reach. However, for larger values of g for which there exists an F q 2 -maximal curve, it seems that there are few curves: see Table 4 . This has been shown so far for g ≥ 1 6 (q 2 − q + 4) .
Non-isomorphic maximal curves
In this section, a 2-parameter family of curves X m i is presented; for each fixed m, there is a large number of non-isomorphic curves all with some identical properties.
With K = F q , let X m i be a non-singular model over K of the plane curve,
where m is a positive divisor of q +1 for which d = (q +1)/m > 3 is prime. The curve X m i is the quotient curve of the Hermitian curve H q arising from an automorphism group of H of the same order d. Let D = |(q + 1)P | denote the associated complete linear series at a point P of X m i . 
10.
12.
13.
14.
(i) (a) The curves X m i and X m j are K-equivalent if and only if one of the following equation holds modulo d :
(b) The number of K-isomorphism classes of curves X m i is given by
(c) Each of these classes consists of six curves, apart from two exceptions of sizes 2 and 3. The corresponding indices i are as follows:
(1) i 1 , i 2 , where i 1 and i 2 are the solutions of t 2 + t + 1 = 0 (mod d),
(iv) When m = 2, the series D has projective dimension
. There are at least six K-rational points P such that, if
(v) When m = 2 and q is prime, then the D-order sequence at a generic point is (0, 1, . . . , (ii) X m 0 has genus g = 
Singular plane curves
Let f ∈ F q [X, Y ] be an irreducible polynomial of degree d, and let F = v(f ) be the corresponding irreducible, possibly singular, plane curve. The problem of counting the number R q of points in PG(2, q) which lie on F is of interest not only in the present but also in other contexts.
Note that R q counts the solutions of the equation f (X, Y ) = 0 in F q × F q together with the homogeneous non-zero solutions of Φ(X, Y ) = 0, where Φ(X, Y ) is the homogeneous polynomial of all terms of degree d in f (X, Y ).
It is natural to compare R q with S q = N 1 , the number of F q -rational branch points. If B q is the number of branches of F centred at points of PG(2, q), and R q is similar to R q but counts each r-fold point counted in R q with multiplicity r, then
This shows that the problems of determining S q , R q , B q , R q are equivalent only when F is non-singular. Nevertheless, some results on R q , B q , R q are similar to those on S q . In fact, the proof of Theorem 11.1 remains valid when R q replaces R q . This also finds confirmation in Theorem 11.2, which extends Theorem 11.1, in itself a special case of Theorem 6.3, and Theorem 6.4 to singular plane curves.
Theorem 11.1 Assume that K has odd characteristic. Let F be an irreducible plane curve of degree d defined over F q . If F has only finitely many points of inflexion, then the number S q of F q -rational points of F satisfies the inequality, 1) where N counts the non-F q -rational points Q ∈ F such that the tangent line at Q contains the image Q q of Q under the Frobenius collineation.
To see, in a simple case, the differences between R q , S q , B q , R q , consider the three singular plane cubics, N 2 , N 1 , and N 0 , with two, one, and zero tangents over F q at the singular point P ; these are cubics with a node, a cusp, and an isolated double point at P . Then Table 5 is straightforward to verify. Table 5 : Numbers of points on singular cubics
It may be noted that B q = R q when P is a node. This holds true for curves with only ordinary singularities centred at points in PG(2, q).
Theorem 11.2 Let F be an irreducible plane curve of degree d and genus g defined over F q .
(i) If F is either classical, or non-classical but Frobenius classical, then
(ii) If F is Frobenius non-classical with order sequence (0, q ), then
Theorem 11.3 Let F be a non-classical irreducible plane curve of degree d and genus g defined over F q . If F is Frobenius non-classical, and has only tame branches, then
Also, equality holds if and only if every non-linear branch of F is centred at a point in PG(2, q). (2) Another example which illustrates Theorems 11.2 and 11.3 for q = p 3 and p odd, is the dual curve C of the plane curve
The main properties of C are as follows:
(i) C is a projective singular plane curve defined over F q birationally equivalent to C;
(ii) C has degree (p 2 + p + 1)(p + 1), and genus g = (p 2 + p)(p 2 + p − 1)/2;
(iii) C is a Frobenius non-classical plane curve with 2 = ν 1 = p 2 ;
(iv) C has only one non-linear branch; it is centred at a point in PG(2, q) and has order p + 1.
Apply Theorem 11.2:
When p = 3, this gives B 27 = 1222, N 27 = 208. (3) Now, let q = p = 2, and F = v((X 2 + X)(Y 2 + Y ) + 1). Then F is classical but Frobenius non-classical with 2 = ν 1 = 2. Here, F has two points in PG(2, q), namely X ∞ and Y ∞ , both singular. Also, X ∞ is a double point and both branches of F centred at X ∞ are F q -rational; the similar property holds for Y ∞ . Therefore, F has only linear and hence tame branches. Since F has genus g = 1, so B 2 = 4, as in (11.2) .
(4) To illustrate Theorem 11.3, put q = 2 2e+1 , q 0 = 2 e , with e ≥ 1, and consider the DLS irreducible plane curve,
of genus q 0 (q − 1). It has several interesting properties. First, F is Frobenius non-classical with = ν = q 0 ; in fact,
Also, F has only one singular point, namely Y ∞ . More precisely, Y ∞ is the centre of exactly one branch of F, and hence B q = q 2 + 1. This branch P has order r = q 0 and class s = q; in particular, P is a non-tame branch. Theorem 11.3 fails in the sense that here equality does not hold in (11.4) ; the unique singular branch of F is centred at a point in PG(2, q), but
Counting points on a plane curve
If F is a non-singular plane curve of degree n defined over F q , then X can be identified with F, and the Hasse-Weil bound (3.3) reads as follows:
where d is the degree of F and S q = N 1 is the number of all F q -rational points of F. Now, (12.1) is extended to irreducible singular plane curves defined over F q . If a curve is not identified with its non-singular model, then there is some ambiguity in the definition of an F q -rational point. For a non-singular plane curve F defined over F q , there is a one-to-one correspondence between the F q -rational points of F and the F q -rational places of the associated function field K(F). If F is singular and X is a non-singular model of F, defined over F q as well, then F and X have the same function field and hence they have the same number N 1 of F q -rational points, but N 1 is, in general, different from the number R q of points of F which lie in PG(2, q).
This already appeared in Section 11. For instance, if C 3 is an irreducible cubic curve defined over F q with an isolated double point, then, as for any plane singular cubic, a non-singular model is a twisted cubic in PG(3, q); so S q = q + 1 but, from Table 5 , R q = q + 2.
From now on, F is any irreducible plane curve of degree d and genus g defined over F q . To prove the desired result
it must be shown that (12.1) holds true when N 1 is replaced by R q . To compare R q with S q = N 1 , certain other parameters for F must be defined, some of which have appeared previously: R q = number of points P ∈ F that lie in PG(2, q); S q = N 1 = number of F q -rational points of F; R * q = number of points P ∈ PG(2, q) which are centres of F q -rational branches; R q = number of points P ∈ F in PG(2, q) with each r-fold point counted with multiplicity r; B q = number of branches of F centred at points of PG(2, q); E q = number of singular points of F; b P = number of F q -rational branches of F with centre at P ∈ PG(2, q); c P = number of all branches of F with centre at P ∈ PG(2, q); m P = multiplicity of a point P ∈ F .
In Section 11, bounds for B q were obtained. Here, F(F q ) * stands for the set of all points P ∈ PG(2, q) lying on F. With this notation, S q = P ∈F (Fq ) * b P , R q = |F(F q ) * |.
Also, R * q ≤ S q and equality holds if and only if no two distinct F q -rational branches of F have the same centre.
The starting point is an upper bound and a lower bound for S q − R q . Under some additional hypotheses, equality can be attained in the above bounds. (ii) Equality occurs in Lemma 12.1 if and only if every singular point of F is a node.
The following corollaries show that when equality occurs either in Lemma 12.1 or in Lemma 12.2, q cannot be too small compared to n. Then the parameters are given in Table 6 . Some applications require information on the number of points of PG(2, q) lying on a plane curve not defined over F q . An upper bound on this number is as follows.
Lemma 12.8
If an irreducible plane curve of degree d is defined over F q k but not over F q , then the number N of its points lying in PG(2, q) does not exceed d 2 .
In conclusion, two more bounds are shown, which have applications to arcs in PG(2, q).
Theorem 12.9 Let C be an algebraic plane curve of degree d defined over F q with no F q -linear components, and let T q be the number of rational simple points of C. If 
